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Abstract—The heat transfer at the stagnation point of a body in laminar, incompressible, three-dimensional
flow is studied using second-order boundary-layer theory. The body is assumed to have two different
principal curvatures at the stagnation point. The influence of the Prandtl number on the Nusselt number, in
particular on the second-order terms resulting from longitudinal and transverse curvatures of the body
surface, is shown. The conditions under which the contributions to the Nusselt number due to the transverse
curvature effect and the longitudinal curvature effect cancel each other are demonstrated. Numerical results
for a broad range of the Prandtl number (0.2 < Pr < 12) are given. The two limiting cases of very small and
very large Prandtl numbers are considered using a perturbation analysis. Asymptotic expansions are
obtained for both limiting cases; for very large Prandtl numbers, the method of matched asymptotic
expansions is used to obtain the Nusselt number including both curvature effects. In the limiting case of very
small Prandt] numbers, the first-order term for the Nusselt number, which is the result of Prandt!’s boundary-
layer theory, tends to zero as Prandt] numbers tend to zero. In contrast to this, the second-order contribution
to the Nusselt number due to curvature approaches a finite, positive or negative value as Prandt! numbers
tend to zero. Therefore, the second-order boundary-layer effect due to surface curvature gains significance in
this case, and plays a key role for the heat transfer at stagnation points.

NOMENCLATURE U,y Wy, velocity gradients at stagnation point
A(n), abbreviation, see equation (22); for the second-order potential flow;
B, abbreviation, see equations (33) X, V2, orthogonal coordinates, origin at
and (34); stagnation point, see Fig. 1.
A potential-flow parameter for three- Greek symbols
dimensional stagnation points; . i
. specific heat of fluid &,8(,8,,  perturbation parameters;
D*, displacement thickness at stagnation & Stretc}.led normal variable, see
point: equation (30); ‘
D, b,, D, linear differential operators, see T Stretd.led norrtnal variable, sce
equation (15); ] cduation (11 s .
f.F, first- and second-order stream functions > mensionless second-order
for stagnation-point flow; temperature; .
g, G, first- and second-order stream X ratio of the two princip le .
functions for stagnation-point flow; curvatures at stagnation point;
h dimensionless first-order temperature ; 4 ﬂ.lerm?l conductivity of fluid:
\ p ; .
K. K rincipal curvatures at stagnation H viscosity (.)f fluid;
x01 Bz00 P : & w, abbreviation, related to the

point, see Fig. ;

Nu, Nusselt number;

Pr, Prandtl number, Pr = uc,/3; (16) and (.18)’ .

Re Reynolds number; Q, constant in equation (24};

"3 3 M f . .
St, Stanton number ; P density of fluid; .
T temperature; Tww Twe,  wall shear stresses in the x- and
i ’ . -directions;

T,, temperature of oncoming flow; fme al Sns, uation (17)

u, v, w, velocity components in the x, y and X ) gral, see equation (17).
z-directions; Subscripts

U, velocity of oncoming flow; 4, D, displacement effect, proportional

U,y, Wy, velocity gradients at stagnation point to U, and W, respectively;
for the first-order potential flow; A longitudinal curvature ;

t, transverse curvature
*Department of Chemical Engineering, University of w, wall; ) ‘
Arizona, Tucson, Arizona, US.A. st, stagnation point.
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displacement thickness, see equations
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1. INTRODUCTION

SECOND-ORDER boundary-layer theory provides an
extension of Prandtl’s classical boundary-layer theory
to moderate values of the Reynolds number. In
incompressible flow, two effects become important
when the Reynolds number is no longer large: (1) the
displacement of the inviscid outer flow due to the
presence of the boundary layer can not be neglected
and (2} the curvature of the body surface must be taken
into account. Other second-order effects appear when
compressible flow is considered, see Van Dyke [1].
Much work has been done on higher-order boundary-
layer theory and a review was recently given by
Gersten and Gross [2].

Although classical boundary-layer theory was used
for a broad range of technical problems involving heat
transfer, the influence of the second-order effects on
surface heat transfer has not been investigated exten-
sively. Initial studies by Gersten and Gross [3] and
Gersten [4] showed the influence of displacement and
curvature effects together with the Prandtl number
and wall mass transfer on the surface heat transfer.
Their work is limited to incompressible stagnation-
point flows for plane and axisymmetric bodies. The
second-order effects for these particular flows were first
considered by Van Dyke [5, 6].

Gersten and Gross [3] found that the surface
curvature effect for the case of plane stagnation-point
flow, where only longitudinal curvature is present,
reduces the heat transfer for all values of the Prandt!
number. For the case of axisymmetric stagnation-
point flow, where both longitudinal and transverse
curvature are present, Gersten [4] showed that the
curvature effect leads to an increase in heat transfer for
Prandtl numbers smaller than 11.352. When the
Prandt]l number is greater than 11.352, the curvature
effect produces a decrease in the heat transfer.
Gersten’s work has been the first to show a change in
the direction of the surface curvature effect with the
Prandti number when transverse curvature is present.
We will consider in this work the following questions:

FiG. 1. Geometry and coordinate system.

(1) Under what conditions does the surface curvature
increase or decrease the heat transfer when compared
to the results of Prandtl’s boundary-layer theory, and
(2) under what conditions do the longitudinal and
transverse curvature effects cancel each other?

We consider these problems for the relatively simple
case of the three-dimensional stagnation-point flow
with rwo principle curvatures (see Fig. 1), which will be
interpreted here as longitudinal and transverse curva-
ture. In particular, the question of how these two
curvatures and the variation of the Prandtl number
influence the heat transfer at the stagnation point will
be studied. A consequence of this will be to establish
the link between the investigations of plane [3] and
axisymmetric [4] stagnation-point flows. In addition,
this work provides an extension of the previous studies
by Papenfuss [ 7-10] which deal with the second-order
boundary-layer effects at three-dimensional stag-
nation points. That work, however, did not attempt to
deal with a detailed discussion of the surface curvature
effect on the heat transfer.

2. BASIC EQUATIONS

We consider the geometry of a general body in an incompressible flow as shown in Fig. 1. The ratio of the two

principle curvatures at the stagnation point of the body is given by
o= ffi?,_ (1)
KxG

The parameter x may vary between—oc and + x; negative values denote geometrical saddle points. An
orthogonal coordinate system is used, which consists of the lines of principal curvature at the body surface and
the normals to the surface of the body.

To obtain the second-order boundary-layer equations for the three-dimensional flow from the Navier-Stokes
equations, the method of matched asymptotic expansions has to be used. The solution of the problem described
above can be expressed as an asymptotic expansion in the perturbation parameter ¢

2

U,, Nl 124
g=(Re) 12 = (E ‘;) {2)
x0

in the region far from the wall (outer solution} and an asymptotic expansion for the region near the wall (inner
solution). Outer and inner solutions are of the form

¢ = doted, +eidy+.... (3)
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A stretched normal coordinate is used for the inner solution

N~ 4)

M | b2

The inner and outer solutions have to be matched properly in an overlapping domain of validity where the
stretched “inner” variable # becomes very large, and the physical {(“outer”) variable y becomes very small. The
approach is analogous to that described by Van Dyke [5] for the two-dimensional and axisymmetric flow.

The leading term of the outer expansion is the solution of the potential equation for the body. The second term
of the outer expansion results from the displacement of the streamlines due to the presence of the boundary layer.
This term is also obtained by the solution of the potential equation, with boundary conditions determined by
matching with the first-order inner solution. This first-order inner solution {representing the leading term of the
inner expansion} is identical with the solution of the Prandt! boundary-layer equations.

The second term of the inner expansion represents the solution of the so-called second-order boundary-layer
equations, which are obtained by substituting expansions of the form shown in equation (3} into the
Navier-Stokes equations and separating out terms of order &. These equations take into account the effects dueto
surface curvature and boundary-layer displacement. In contrast to the first-order boundary-layer equations, the
second-order boundary-layer equations are linear, so that the two second-order effects can be determined
separately. A presentation of the first- and second-order boundary-layer equations will be omitted here for
brevity ; the details can be found in [9] or [10].

We will now, for simplicity, assume that the body has two planes of symmetry. Further, we restrict ourselves to
flow symmetry. That is, the principal axes of flow at the stagnation point coincide with the directions of principal
curvature of the body. Relaxation of these assumptions would result in additional second-order boundary-layer
effects which are not considered here. For small distances from the stagnation point, the outer expansion of the
velocities tangential to the wall is, to second-order,

U(x)=qu+sU21x+0(zz)} )

Wi(z)= Wy z+eW,;z +0(e?).
The parameter ¢ will be used in the subsequent analysis

Wi (dU/dx) =0
o=t o T im0 6)
Uy (dW/idz), =0

which characterizes the deviation of the first-order potential flow at the stagnation point from the two-
dimensional case (¢ = 0) and from the axisymmetric case (¢ = 1). In the present work, we restrict ourselves to
values of the parameter ¢ between 0 and 1. Possible negative values of ¢ are not considered here; see Libby [11].
This restriction does not contradict the assumption made for the ratio of the two curvatures at the stagnation
point. There exists no coupling between the parameter x (which depends only on the geometry at the stagnation
point) and the parameter ¢ (which depends on the potential flow around the entire body).

Near the stagnation point, the velocity components in the x, y, and z-directions and the temperature of the
boundary-layer flow may be expressed as follows:

o U“Kxex{f’w) b TR+ R (EL ) — )]+ —— [U s Fin)+ Wat Fa ()] } 7
L/,x \/U 11 U it

-L—;)—- = —6\/U11{f(’1)+(:g(’7)

e

+ \/Z LFAn) + cGi(n) —n(f () + cgm)) + x(F.(1) + cG,(n) — n(f (1) + cg (1)))]
11

+ 5 [Uas(Fal)+ €Gl)+ Wor (Fyl)+ Gyl } (®)
i ‘
—U% - WnKxoz{g'(m +——-\/fju [Gitn) =g )+ KGi(0)] +5— (U Gl + War G )] } ©)
T I )+ [0 4 O]+ (U210 + Wy Bp) (10)
Tx""Tw_ n +\/U” n +k,71)]+—ﬁ:[ Nt 510p ()]
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Dashes denote differentiation with respect to the stretched inner variable

(U, )12 N
n==Key = K oy(U  Re)'2 (11)
£

The subscripts ! and ¢ refer to the longitudinal and transverse curvature effect, respectively. The subscripts d and D
refer to the displacement effect, proportional to U ,, and W, ,, respectively. In the following approach we consider
only the curvature effect, the displacement effect has not been taken into account in the present work.

If we introduce equations (7)—(10) into the first- and second-order boundary-layer equations in [9] or [ 10], we
obtain the following set of ordinary differential equations

S+ (fHeg)f = (1 =1) = 0

DJFbGJ=-—MW+nu-«o+w—wy+cf (1=1g)dn (12)
0

D\[F.G] = —nf"+f"+ ([ +eq)f ~2n

g+ (f+cg)g"—clg*—1)=0
D,[F,,G]= —ng"+g"+(f+cg)g —2cn

"

D,[F,G] = —ng”—n(l —c)+w—z+f (1-f'g")dn-
0

(13)

W +Pr(f+cg)h =0
Di[0,] = h{Pr[n(f+cg)— (F1+cG)] —1} (14)
D;[8,] = h{Pr{n{f+cg)— (F +cG)] —1].

The boundary conditions are

n=0: n—
f=f"=g=g=h=0 f'=g=h=1
Fi=F=G,=G=0,=0 F/=G/'=-1,G/=F/ =1
F,=F =G, =G, =06,=0 0,=0,=0.

In equations (12)—(14) the following abbreviations have been used:

D\[F,G]=F"+(f+cg)F"=2f'F' +(F+cG)f"

D,[F,G] = G+ (f+¢cg)G"—2cg'G' + (F +cG)g" (15)
D,[6] = 0"+ Pr(f +cg)f.
o = lim [(n—f)+cln—9g)] (16)
z=f'a—fJMn (17)
0

The quantity w is connected with the displacement thickness D* at the stagnation point by the expression

& 1)
D* = —_ (18)
VUi L+e
From the solutions of the system of equations (12)—(14), we can determine the wall-shear stresses in the x- and z-
direction and the Nusselt number, including the second-order terms due only to longitudinal and transverse
curvature

T

= Ui g o i) |+06)

&
N

pU?
(19)
Twe 3/2 ” € ” ” 3
W=5U11 €z gw+r/U—(Gtw+Ksz) +0(e”)
. 11
Nu 3 N
—= = JUn| W+ ——— (6, +x6,,) |+ O() (20)
JRe ) VUi

with

1 dTr
Nu =—_—~<_) . 1)
KxO(Tx - Tw) dy w
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The wall gradients, appearing in equation (20), may be derived from equations (14) by integration

1 !
H, = - Al = —Prj (f+ecg)dn 22)
J e dy 0
0
O’M" X n
T}: —J {e""”J [Pm(f-}—cg)—l-Pr(F,+cG,)]he“"”dn}dn. (23)
L 0 0

We obtain an analogous expression for 8;,, if we replace the subscript [ in equation (23) everywhere by the
subscript £.Numerical values for the wall gradientsf,,, g%, F.,, Gi.,, Fr,, and G, of the solutions of the systems (12)
and (13) have been obtained for a range of the parameter ¢ varying between 0 and 1. These values and the
quantities w and y are given in Tables 1 and 2.

Table 1. Values for the wall gradients f7, and ¢{, and for w

and y Table 2. Values for the wall gradients F},, Gi,, F;,, and G/,

¢ fu G 2 X c Fie Gl Fra G,
0.00 1.23259 0.57047 0.64790 1.21837 000 —191326 —0.16018 0.54663  —0.66976
0.25 1.24761 0.80514 0.83734 1.05418 025 —1.84703 0.13269 0.50908  —1.18103
0.30 1.26687 0.99811 0.96449 0.94898 050 —1.77224 0.26776 0.46621 —1.42029
0.75 1.28863 1.16432 1.06019 0.87400 075 —1.69945 0.34148 042486  —1.535145
1.00 1.31194 131194 1.13780 0.81658 100 —1.63196 0.38676 038676  —1.63196

The intention of this work is to present numerical solutions to the system of equations (12)—(14) for a broad
range of the Prandtl number and several values of the parameter ¢. The results for the wall gradients k., 8;,,, and
8, are given in Table 3 and in Fig. 1.

Table 3. Wall gradients to determine the Nusselt number from equation (20) for the three-dimensional stagnation-point flow

¢=0 =025 c=1035

Pr H, Bi Gtw h, bi Orw k., b1 6i.

0.2 0.296357 —0.053232 0460715  0.323563 0.037555 0364766  0.351182 0.107165 0.292742
04 0.395765 ~0.088104 0475010  0.429802 0.005808 0.372593  0.465474 0.082362  0.292027
0.7 0495866 —0.128114 0489863  0.536212 —0.030194 0.380155  0.579670 0054070 0.290231
1.0 0.570465 —0.160182 0501092  0.615277 —0.058776 0.385588  0.664396 0.031552  0.288389
20 0.743721  —0.239436 0.527361 0798471 —0.128645 0397602  0.860449 —0.023595 0.282980
4.0 0.961871  —0.344659 0560441 1028742 0220323 0411754 1106614 —0.096056 0.274734
7.0 L178375 0452095 0.593122 1257134 —0.313203 0425037 1.350641 —-0.169521 0.265617
10.0 1338797 —0.532755 0.617240 1426340 —0.382648 0434537  1.531393 —0.224467 0.258482
11.0 1.384967 —~0.556082 0.624167 1.475038 —0.402698 0.437229 1583410 —0.240333 0.256384
1135 1400461 —0.563919 0.626491 1491380 —0.409432 0438129  1.600866 —0.245662 0.255677
120 1.428408  —0.578067 0.630681 1.520857 —0.421584 0.439748 1.632351 —0.255279 0.254395

¢ =075 ¢=1

Pr h, e 2 ke o b

0.2 0.378044 0.159433  0.239538 0.403840 0.199378 0.199378
0.4 0.500674 0.141040  0.231790 0.534739 0.186236 0.186236
0.7 0.623085 0.119813  0.222274 0.665378 0.170789 0.170789
1.0 0.713852 0.102819  0.214421 0.762231 0.158309 0.158309
20 0.923773 0.060993  0.194585 0.986202 0.127349 0.127349
40 1.187224 0.005776  0.167763 1267254 0.086173 0.086173
7.0 1.448323 ~0.050375  0.140066 1.545780 0.044100 0.044100
10.0 1.641701 ~0.092441 0119139 1.752059 0.012495 0.012495

11.0 1.697349 —-0.104597  0.113071 1.811419 0.003353 0.003353
11.35 1.716024 -0.108680  0.111030 1.831339 0.000280 0.000280
120 1.749706 —0.116049  0.107345 1.867269 —0.005265 —0.005265

3. ASYMPTOTIC EXPANSIONS FOR SMALL PRANDTL NUMBERS

In the case of very small Prandtl numbers, the thickness of the momentum boundary layer is small in
comparison to the thermal boundary layer. This means, that asymptotic expansions of the functions f+ cg,



280 K. GErsTEN, H.-D. PapeEnFUSss and J. F. GRoss

Fi+¢G; and F, + ¢G, for large n may be used in equations (22) and (23). These asymptotic expansions are

, , o
J+eg— (1 +c')(r] e )

+c)
c—17 w Voe—1 0] o 54
Frean=" (1= el -9 -
I—¢ w V¢ l—c / w
FitcG === + —o(n-——)-Q
2 I4¢, l+¢ I+e

The constants Q, and €, depend on c¢. Since they do not enter the asymptotic solution for 6;,, and 8;,, to the order
presented below, a presentation of the specific values has been omitted.

To obtain the asymptotic expansions for the equations (22) and (23) for very small Prandtl numbers. a
perturbation analysis can be developed with

6 = Pr (25)
as a perturbation parameter. The asymptotic solutions are:
2(1+¢)]*? 20
h’,:lf( C) Pr'? —— Pr+0(Pr*?) (26)
s s
4 4N[2(1 4 )7t
O1 ZrC-F(l —4)LE )} cwPrt?4+0(Pr) (27)
J(1+o) 3n n
1
O = = 0. (28)
c

For ¢ = 0 and ¢ = [ the results reduce to those given by Gersten and Gross [3] and Gersten [4]. It is worth
mentioning that the result for k,, and ¢ = 0 has already been presented by Merk [10].

4. ASYMPTOTIC EXPANSIONS FOR LARGE PRANDTL NUMBERS

In the case of very large Prandtl numbers, Pr — ¢, the thickness of the thermal boundary layer is very small in
comparison to that of the momentum boundary layer. In this limiting case, the highest derivatives in the system of
equation (14) vanish, leading to a singular perturbation problem. This problem can be solved by matching outer
and inner solutions, which have to be expanded using the perturbation parameter

(29)

For Pr — o we obtain an outer solution from equation (14) for the first-order temperature h(y), which satisfies
the boundary condition h(x0) = 1;i.e. the trivial solution.
The inner solution, which has to link the outer solution and the prescribed boundary condition at the wall, is
obtained by introducing a new stretched variable
i ,
{=—=nEPn'. (30)

I
For the functions fand g, which appear in equation (14), we may use a Taylor-series, expanded for small 5 ; see
also Merk [13]. After appropriate analysis, which also has to be applied to the second-order temperatures 6, and

8,, the following asymptotic expansions for the wall gradients are obtained

3(fL+egi)? 1 T(2/3) 1+

b, =—1 ety o(Pr=17) 31
61T (1/3) 2T31/3) ful+cghe ( B

1 Fl, +cGy, 3 '(2/3) 1+ Fl,+ Gy, B, 3 )
e = / : —_ +=|+o(pr 1 32
M = GBT(1/3) (12 + cgla? 3|2 (ited?  2fiveqn T2 J (Pro==) 2)
B, = w—cy+cq (33)

The equation for 6;,,is analogous to equation (32), if we replace the subscript / by the subscript r. Further, in this
case, the expression for B, is

B, =clw—y)+ /.. (34)

The two terms in equation (31) have already been reported by Merk [13] and Evans [14] for ¢ = 0. For ¢ = Oand
¢ = 1, equation (32) agrees with those given by Gersten and Gross [3] and Gersten [4].
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FIG. 2. Wall gradients to determine the Nusselt number from equation (20) for the three-dimensional
stagnation-point flow. ---, asymptotic expansion.

5. DISCUSSION

Figures 2(a—c) show the first-order term for the
Nusselt number, /,,, and the second-order terms due to
longitudinal and transverse curvature, 8}, and @,,,
respectively. The results are shown as functions of the
Prandtl number in a range from 0.01 to 100 for various
values of the parameter ¢. Both the numerical solutions
as well as the asymptotic expansions for low and high
Prandtl numbers are shown. The following con-
clusions can be made:

(1) The first order results, shown in Fig. 2(a), demon-
strate the well-known effect of increasing Nusselt
number with increasing Prandtl number for all

values of c. For very small Prandtl numbers the first-
order term for the Nusselt number approaches zero.
The asymptotic expansion for large Prandtl numbers
can not be shown for ¢ = 0, because, in the scale of Fig.
2(a), it can not be distinguished from the exact results
down to a Prandti number of 0.1.

(2) The second-order contribution to the Nusselt
number due to longitudinal curvature 6}, is shown in
Fig. 2(b). For small Prandtl numbers, this contribution
approaches finite positive values, except for ¢ =0,
where 6),, tends to zero. For all values ¢ > 0, 8;,, crosses
the abscissa at certain critical Prandtl numbers. For
Prandtl numbers larger than these critical values, the
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-16 L 1 !
o 025 0.5 075 Ko
c
F1G. 3. Combinations of the parameters « and ¢, for which
the second-order term for the Nusselt number due to
curvature vanishes.

contribution of the longitudinal curvature to the
Nusselt number is negative. Only for ¢ = 0 is this
contribution negative for all Prandtl numbers. For
large Prandtl numbers, 8},, tends to minus infinity.

{3) The second-order contribution to the Nusselt
number due to transverse curvature 8, is shown in
Fig. 2(c). For small Prandt] numbers, this contribution
approaches finite positive values. For 0 < ¢ < 0.375,
the transverse curvature effect on the Nusselt number
increases with increasing Prandtl numbers, whereas
for 0.375 < ¢ < 1 this effect decreases with increasing
Prandtl numbers (except for very low Prandtl num-
bers).

(4) According to equation {20), the total curvature
effect, including longitudinal as well as transverse
curvature, is proportional to 6y, + «8,,. This sum can
be positive or negative, depending on the values of ¢, Pr
and k. The following example may illustrate this fact.
We consider two convex bodies with x = 10 in a flow
with Pr = 40. The potential flow around two bodies
may result in c-values of 0.5 and 0.75, respectively.
From the asymptotic expansions for large Prandtl
numbers, we obtain the following results:

c=05: 68,+xb, =1732
¢ =075 6,+x6b, = —0.197.

(5) Combinations of k, ¢ and Pr can be determined
such that the total contribution of curvature isequal to
zero, i.e. the contribution due to transverse curvature
cancels that due to longitudinal curvature. In this case,
we obtain

.
hw

’
Ot

t
0.5 0.75 LO
0.375 o4

FiG. 4. Combinations of the parameters x and ¢, for which
the second-order term for the Nusselt number due to
curvature vanishes.

Figure 3 shows this particular value of k as a function
of ¢ with the Prandtl number as parameter. The curves
begin at finite positive values on the x-axis and all
terminate at ¢ = 1 and xk = — L. For Pr = 11.352, the
c-curve has a discontinuity (kink)ate = Lx = L.

For Pr > 11.352 the behavior of the curves changes
completely. Asis shown in Fig. 4, the results jump from
+ oo to—on at a certain value ¢*, depending on the
Prandtl number. The curves for Pr — « and Pr = 40
are based on the asymptotic expansion (32).

It is worth mentioning that attempts to solve the
system of equations {12)—(14) numerically would be
very difficult for Pr> 12. For these values of the
Prandt! number, the scale of the thermal boundary
layer is so small in comparison to the momentum
boundary layer, that the number of mesh points has to
be extremely high to achieve meaningful results.
Consequently, a perturbation analysis as in the present
work is required to overcome this difficulty.

Two shaded areas can be seen in Fig. 4. The upper
area contains those combinations of x and ¢ {e.g. x
= 10, ¢ = 0.1) for which the effect due to transverse
curvature is not sufficient to cancel the effect due to
longitudinal curvature. Regardless of the value of the
Prandt! number, the overall curvature effect then
yields a positive contribution to the Nusselt number.
On the other hand, the lower shaded area contains
those combinations of k and ¢ {fe.g. k = — 10, ¢ = 0.1}
for which the curvature effect reduces the Nusselt
number, regardless of the Prandtl number. The de-
pendence of the critical value ¢* on the Prandtl
number is shown in Fig. 5.

From the results for the Nusselt number, the
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F16. 5. Critical values of the parameter ¢ as a function of the Prandtl number.
dimensionless heat transfer, expressed as the Stanton number, can be determined
Nu
St = . (35)
RePr
A peculiarity occurs when we introduce the expansions for Pr — 0 into equations {20) and (35):
& AL +c)\? 2w
St‘:——“(( )) -——,/Pr+O(Pr) \/U“
 Pr n 3
& 4 4 2(1+c))‘”2 g\’
+ (c+x Hil—-— o/ Pr+0(Pry | >+ 0 _....,) . (36
/Pr ) l+en ( 31:)( 7 (Pr) } 1( /pr (36)

This asymptotic expansion is only valid if the second-
order term is an order of magnitude smaller than the
first-order term. Since the second-order term is
multiplied by &/{Pr)'/2, ¢ must approach zero faster
than (Pr)2, In other words, we must require that
Hm —e
pro (Pr)'/?
It follows from equation (36) that the heat transfer
tends to zero for Pr — 0,

0. 37
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INFLUENCE DU NOMBRE DE PRANDTL SUR LE TRANSFERT THERMIQUE AU POINT
D'ARRET POUR UNE SURFACE TRIDIMENSIONNELLE

Résumé —Le transfert thermique au point d'arrét d'un corps pour un écoulement laminaire, incompressible
et tridimensionnel est étudié en utilisant la théorie au second ordre de la couche limite. On suppose que
le corps 4 deux courbures principales différentes au point d'arrét. On montre 'influence du nombre de
Prandtl sur le nombre de Nusselt, en particulier sur les termes de second ordre résultat des courbures
longitudinale et transversale sur la surface du corps. On précise les conditions pour lesquelies les con-
tributions de I'effet des courbures sannulent. On donne des résultats numériques pour un large domaine
de nombre de Prandtl (0,2 < Pr < 12). Les deux cas limites des trés petits et des trés grands nombres de
Prandti sont considérés a travers I'analyse de perturbation. On obtient des développements asymptotiques
pour ces deux cas; pour les trés grands nombres de Prandtl, la méthode des développements asymptotiques
est utilisée pour obtenir le nombre de Nusselt en incluant les effets de la courbure, Dans le cas des trés
petits nombres de Prandtl, le terme du premier ordre pour le nombre de Nusselt (qui est le résultat de la
théorie de la couche limite selon Prandtl) tend vers zéro quand le nombre de Prandtl s'approche de zéro;
par contre Ja contribution de second ordre au nombre de Nusselt par Peffet de courbure tend vers une
valeur finie, positive ou négative lorsque le nombre de Prandtl tend vers zéro. Par suite, Peffet dd A la
courbure de surface est significatif dans ce cas et joue un réle important dans le transfert thermique au
point darrét.

DER EINFLUSS DER PRANDTL-ZAHL AUF DEN WARMEUBERGANG ZWEITER
ORDNUNG INFOLGE DER OBERFLACHENKRUMMUNG IM STAUPUNKT

Zusammenfassung —Der Wirmeabergang im Staupunkt eines Korpers wird unter Beriicksichtigung
der Glieder hoherer Ordnung der Grengschichtgleichungen fiir laminare, inkompressible und drei-
dimensionale Stromung untersucht. Fiir den Korper werden zwei verschiedene Krummungen im
Staupunkt angenommen. Der Einflul der Pr-Zahl auf die Nu-Zahl, speziell auf die Glieder zweiter
Ordnung als Folge der Lings- und Querkriimmung der Korperoberfliche wird dargestellt. Es wird
gezeigt, unter welchen Bedingungen sich die Einfliisse von Lings- und Querkriimmung aufl die
Nu-Zahl gegenseitig aufheben. Fiir einen weiten Bereich der Pr-Zahl (0, 2 £ Pr £ 1, 2) werden
Zahlenergebnisse mitgeteilt. Die Grenzfille der sehr kleinen und sehr groflen Pr-Zahl werden im
Rahmen einer Storanalyse betrachtet. Fiir beide Fille erhilt man asymptotische Grenzwerte: Fiir sehr
groBe Pr-Zahlen liefert die Reihenentwicklung die von beiden Kriimmungen beeinflulite Nu-Zahl. Fiir
Grenzfall der sehr kleinen Pr-Zahl geht der Term erster Ordnung fiir die Nu-Zahl, der sich aus der
Grenzschichttheorie Prandtls ergibt, gegen Null. Im Gegensatz hierzu nimmt das Glied zweiter
Ordnung, welches die Kriimmung berticksichtigt, einen endlichen positiven oder negativen Wert an,
wenn die Pr-Zahl gegen Null geht. Der Grenzschichteffekt zweiter Ordnung gewinnt in diesem Fall
an Bedeutung und nimmt eine Schiiisselrolle beim Wirmeiibergang im Staupunkt ein.

BJIMAHWUE YUCJIA MPAHAT/IA HA TENUIOOBMEH BTOPOT'O INOPAIKA,
OBYCJIOBJIEHHOE KPMBH3HOW NMOBEPXHOCTU B TPEXMEPHOI
KPUTHYECKOM TOUYKE

Annotanus — C NOMOUIBIO TEOPUH NOTPRHUYHOTO €108 BTOPOTO HOPSZKA W3y4aeTcs TennoobMeR
B KPHTHYECKOR TOHUKE TENA B JAMHMHAPDHOM, TPEXMEDHOM [OTOKE HecxuMaeMmoil xunkoctu. IIpea-
HOJIATAETCH, MTO TENO B KPHUTHYECKON TOYKE MMEET AB€ Pa3/iM4Hbie riaBHbie KpupH3Hbl, [Jokasano
Biusnue yucaa Ipauaris va wiacno HyccenbTa, B 4aCTHOCTH, HA BKJIaasl BTOPOro nopsika, obycno-
BJICHHBIE TIPOOOJBHONW M MOMepeYHOi KPUBU3HAMM MOBEPXHOCTH Tena. PaccMaTpupaloTest ycilosus,
Py KOTOPBIX BKJIaAsl B uucno HycceneTa, obyciosaexHble NONEPeYHON 1 IPOAOILHOM KPHBH3IHAMY,
B3aUMHO YHMYTOXa1oTCs. ITpHBOOATCA YUCNAEHHbIE PE3YNABLTATHL 7S WIMPOKOTO AMANA3OHA YHCIa
Mpanarns (0.2 < Pr<12). C noMOLbI0 TEOPUHM BO3MYLUCHMI aHaIM3UPYIOTCH 1BA Ipele/ibHBIX
ciayyas maneix ¥ Gonpux uucen pannrng. Jns o00uX NpeesibHbIX CAYYaeB MONYYeHbl ACHMIITO-
THYECKHE Pa3NOXeHus; npu Sonsiux yacaax Mpanarns nns nonyyenus yucen Hyccenpa, ¢ yueTom
o0OHX BKAANOB KPHBH3HBI, MCHOMB3YETCH METOA CPALIMBAEMBIX aCHMITOT. B mpeaensHoM chyyae
manplx yucen [lpaHATna Bian NEPBOro mopsaixa B 4ucao HyccenvTa, OnpenensieMOro Teopueit
norpasuuHoro cnos Ilpanntns, crpeMuTes X Hy/uo BMecTe ¢ uuciom Ilpaunras. B oTauuue or
3TOrO, BKJIAA BTOpOro nopsiaxa B uucno Hyccenera, o0ycrnoBieHHbit KpuBu3HOH upnbmxaercs
K KOHEYHOMY TTOJIOXKMTEIbHOMY HIIH OTPHUATEIBHOMY 3HAUEHHIO, TI0 Mepe TOro Kak Yicno [Ipanaris
CTPEMHMTCH K HyJt0. Beneacreue 3toro adidekT morpaHuyHoro ¢10s BTOpOro nopanka, 00ycnosieH-
HbI KPMBH3HOHW, MOBEPXHOCTH, NpHOOpETaeT BaXHOE 3HAYEHWE M WUIPAeT OCHOBHYK) pONb B
TenIoo0MeHe B KPUTHYECKMX TOYKAX.



